In this paper, we study the efficiency of applying the numerical simulation of a moving interface to the problem of defining fiber placement trajectories for composite structures. This new approach, which is based on an adaptation of the Fast Marching method, presents two advantages. Firstly, it simulates accurately the mechanism of an Automated Fiber Placement (AFP) machine by producing equidistant fiber courses, which avoids avoiding undesirable gaps or overlaps between the successive courses, while allowing to exploit the full capacity of the machine. Secondly, it is able to handle complex surfaces by working directly on the mesh instead of the geometric equation. Consequently, this new approach directly provides the local orientation of the fibers inside each mesh element, what is relevant for a finite element structural analysis.
Introduction
In the Automated Fiber Placement (AFP) or Automated Tow Placement (ATP) technologies (see [1] ), the head of the machine lays down multiple 1 LMS Samtech division, Liege Science Park, rue des chasseurs ardennais 8 B4031 Angleur Belgium, Michael.bruyneel@samtech.com, corresponding autor.
pre-impregnated tows on the structure. As reported in [2] , AFP machines can place simultaneously up to 32 tows of 1/8in. side by side during a course of the machine head. A complete ply is obtained by placing courses side by side. An advantage of AFP with regards to the Automated Tape Laying (ATL) process is that it allows the definition of curved fiber paths using narrow individual tows. The AFP process can therefore handle structures of complicated shape with possibly non straight fiber courses. A review of the different ways to place the fiber courses is provided in [2] .
Even if the draping simulation of fabrics has been extensively studied in [3] [4] [5] [6] . Only a small amount of research has been devoted to the computer definition of the fiber trajectories in AFP. Hyer and Gürdal, in [7] [8] [9] [10] , were amongst the first authors to propose a computer base solution for variable stiffness laminates in flat panels.
In [4, 5] , the case of the woven fabrics is considered. The weft and wrap directions are defined by computing the crossing points of the fibers. These points constitute a grid of points with a fixed spacing in each direction and belong to the draping surface. The fibers are the broken lines connecting the crossing points.
Another approach for defining curved fibers is having a general function for the fiber orientation over the draping surface. In [11] , the fibers are placed on a flat surface and assumed to be a set of Bezier curves or polynomial functions.
In [2, 10, 12] , the fibers are defined as a geodesic path, a constant angle path, a path with a linearly varying fiber angle, or a path with constant curvature.
They have been applied on cones and cylinders.
A third approach in [13] [14] [15] is to consider a reference curve over the draping surface and to compute the set of points over the surface which are at a constant distance from the reference curve. A fiber is the broken line that connects these equidistant points.
All of these approaches suffer from two major drawbacks. First, they are geometry methods requiring the parametric equations of the draping surfaces.
In most industrial cases, these parametric equations are not available. Usually, the draping surface is defined using a CAD software that generates a mesh of it. Therefore, one needs a method for defining the curved fibers using a mesh and not parametric equations.
Secondly, these approaches (except the third one) do not generate equidistant paths for the courses in the AFP process. If two consecutive course centerlines are not equidistant, undesired gaps and overlaps apprear (see Figure   1 ). The gaps weaken the structure and the overlaps increase its weight. In [2] it is mentioned that using the cut and restart capabilities of the AFP machine allows to avoid the undesired gaps and the overlaps, and consequently provides plies of constant thickness over the structure. However, this technique can be time expensive since the full capability of the machine to propose courses of constant (and maximum) width is not used.
In this paper, it is proposed to adapt a numerical method, called the Fast Marching Method (FMM), to define equidistant courses over surfaces of general (and possibly complex) geometry. The Fast Marching Method is used in many fields of the physics for the simulation of a moving interface [16] . The approach developed here relies on the definition on the structure of a reference curve, which represents the initial position of the interface, and which can be seen as an initial fiber trajectory represented by a course centerline. This reference curve is called "reference fiber" from now on. This reference fiber is then propagated over the whole surface in such a way that (possibly) curved fibers trajectories are generated without the drawbacks of gaps and overlaps, while exploiting the full capacity of the AFP machine, i.e. laying down courses of constant (and maximum) width. Moreover, this approach works with a mesh of the surface rather than using parametric equations to define the geometry of the structure. This feature makes possible the definition of fiber trajectories for structures of complex geometry. Finally, since the method provides the local fiber orientation in each element of a mesh, it is a natural input for the finite element method [17] when a structural analysis of the composite component must be conducted.
The paper is organized as follows. In Section 2, the general mathematical formulation for the simulation of a moving interface and the methodology proposed in this paper are presented. In Section 3, the algorithm developed for the definition of the reference fiber is explained. Sections 4 and 5 concentrate on the propagation of this initial information over the whole surface using the standard FMM method. In Section 6, several adaptations are brought to the FMM in order to handle the specific problem of defining suitable equidistant fiber trajectories. In Section 7, the local fiber orientation is obtained in each element of the mesh representing the surface. Finally, a set of numerical experiments are presented in Section 8 to show the efficiency of the new approach. It covers the cases of planar and non planar complex structures with straight and curved reference fibers.
The Mathematical Formulation
The definition of the set of equidistant fibers is based on the solution of the Let Ω be a bounded computational domain in R 3 representing the shell structure to be draped and Γ be a reference curve defined on the structure
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Figure 1: Gaps and overlaps between two consecutive fiber courses due to non-equidistant fibers.
representing the reference fiber. The set of equidistant fibers generated from Γ is defined as follows. The reference fiber Γ is propagated over the whole domain Ω. Each point of the curve has a constant speed orthogonal to the curve. Let
T (x) be the travel time needed by Γ to travel to point x at a speed equal to 1/f . T (x) is also proportional to the distance from x to Γ. One can directly see that any equidistant curve to Γ is an iso-value of T (see Figure 2 ). This constitutes the basis of our work.
The travel time T (x) is given by the Eikonal equation 1:
It is supposed that this equation is solved numerically over a triangular mesh representing the structure and T is computed at the nodes of the mesh.
Quadrangular mesh elements can be managed since they are transformed into triangles.
Generating the set of equidistant fibers is a process of three steps:
1. tracing the reference curve Γ (the reference fiber) over the mesh to define the initial condition of equation (1), 2 . solving numerically equation (1) to compute T at the nodes of the mesh, 3 . computing from T the orientation of the iso-value (the fibers) at each cell of the mesh.
Figures 3-6 illustrate the principle of the method on a flat surface, in a rectangular domain, knowing that the approach can be applied to non developpable surfaces if they are represented by a mesh. These steps are detailed in the following sections.
The Tracing of the Reference Fiber
The reference fiber Γ = Γ(t) is a 3D curve that belongs to the surface representing the structure (Ω). The tangent to Γ(t) can be decomposed into two components,Γ ⊥ (t) andΓ (t), which are respectively orthogonal and parallel to Ω. Since each point of Γ(t) belongs to Ω, it can be shown thaṫ
, where x(t) is a given 2D function. This function represents the shape of the reference fiber. The curvilinear abscissa t is in an interval [0, t max ] with t max sufficiently large such that the two points Γ(0) and Γ(t max ) belong the to boundary of Ω.
The structure over which the reference fiber is traced is discretized with a triangular mesh Ω h . The tracing algorithm consists in finding the intersection points of Γ(t) with the edges of the elements of the mesh Ω h . The reference curve Γ intersects each mesh element with two points: one entry point and one exit point. For each mesh element and given the entry point, the tracing algorithm finds the exit point and the next element into which the reference curve enters.
At the initialization step (see Figure 7 ), x(t) has to be defined in the xOy plane independently from the mesh. x(t) can be a straight line, a cubic spline or any other 2D parametric curve. It is supposed that x(0) is at the origin of the axes xOy. Γ(0), the starting point of Γ over the mesh, is defined by giving: the edge P Q to which it belongs, its corresponding element P QR and the ratio λ 1 by which Γ(0) divides the edge P Q. Two points A and B are defined on the y-axis such that AO = λ 1 AB.
Take an index k = 0 and t k = 0. At each iteration k, construct in the plane xOy a triangle ABC identical to the mesh element P QR such that x(t) enters ABC for t ≥ t k . Find the edge IJ that x(t) intersects. IJ can be AB, AC or BC. Then, find the intersection abscissa t k+1 and the intersection point
Compute λ 2 , the ratio by which H divides the edge IJ. Let U V be the corresponding edge of IJ in the mesh P QR. One can deduce that Γ intersects U V at point G such that U G = λ 2 U V . Find the other element that has U V in common with P QR. Pose P = U , Q = V , A = I, B = J, λ 1 = λ 2 and k = k + 1.If this other mesh does not exist, then pose t max = t k+1 and stop.
Otherwise, perform a new iteration.
Γ(t) is approximated by Γ h (t), the broken line that connects the intersection points.
The Local Solver of the Eikonal Equation
The full algorithm is described in details in [16, 18] . Since it is well documented in the literature, it is reproduced here only for the case of an acute triangular element in the mesh, for the sake of clarity of the paper. For more details on this local solver and the case of an obtuse triangle, the reader should refer to [16, 18] . The problem to solve here can be stated as follows: knowing the travel times at two nodes of a mesh element, how can we propagate this information to the third node of the element.
Consider ABC an acute mesh element, as illustrated in Figure 8 . The local solver is an algorithm that updates the travel time T C at vertex C given the travel times T A and T B . It locally simulates the propagation of the fiber inside the element ABC using a first order approximation. The angles of the vertices A, B and C are respectively α,β and γ. The fiber is locally linear inside the mesh element ABC and this segment has to pass by C (Huygen's principle).
As explained in [16, 18] , this condition is satisfied if and only if (see Figure 8 ):
• (T B − T A )/f ≤ AB: the fiber can pass by A then B in a time (T B − T A )
given its speed 1/f ,
• θ ≤ β: the fiber passes by B before C,
• θ + β ≤ π/2: the orthogonal projection of C on the fiber falls inside ABC which means that C is updated from A and B.
These considerations lead to the following local solver in algorithm 1. Note that the min is used because the update of C using the local solver can be 
− α then {The orthogonal projection of C over the fiber falls inside the triangle.
The Fast Marching Method
In this section, the Fast Marching Method (FMM) is recalled. This method is used for tracking the motion of an interface animated with a speed 1/f , always normal to itself. It aims to simulate the complete propagation of the reference fiber by tracking its motion inside each element using the local solver of the previous section. The algorithm computes at each node x the instant T (x) at which the interface has passed. After computing theses instants at all the nodes, the position of the interface at an instant T is the iso-value curve
At the initialization step of the algorithm and after tracing the reference fiber over the mesh, the nodes of the mesh are gathered into three groups: frozen, close and far. The frozen nodes are the set of the nodes of the elements through which the reference fiber has passed. The close nodes are the set of nodes which are neighbors of the frozen nodes. The far nodes are the remaining nodes (see Figure 9 ). The T (x) of each frozen node is initialized to its distance to the reference fiber times f . The T (x) of the other nodes are initialized to infinity. Finally, for each node C in the close set and for each mesh element ABC, T (C) is updated from T (A) and T (B) using the local solver described above.
The FMM relies on the principle that the information propagates from the smaller values of T to the larger ones. This is known as the upwind scheme.
The moving interface is in the region between the frozen and the close nodes.
At each iteration, let C be the node in the close set which has the smallest value of T . Remove this node of the close set and add it to the frozen set. Let M be the set of neighbors of C in the far set. Move the nodes of M from the far to the close set. For each element ABM update T M from T A and T B using For a mesh made of N nodes, the FMM has a total operation count of O(NlogN) to find the T(x) values over the whole meshed structure. For more details on the fast marching method, refer to [17, 18] .
Adaptation of the Method
In the two situations illustrated in Figures 10 and 11 , the fast marching method does not exactly produce the expected network of fibers, even if the solution consists in equidistant trajectories. Consider the first case in Figure 10 where straight equidistant fibers are to be defined over a rectangular domain.
The reference fiber is a bounded segment. This segment propagates in the band defined by the two orthogonal lines at the two ends of the segment. The region outside this band is filled with arcs of circles. Even if the FMM provides a set of equidistant trajectories, the final network of fibers is not the expected one, this last being illustrated in Figure 12 . The solution to this problem is to simulate the propagation of an infinite reference fiber rather than a bounded one. This means that the nodes at the boundary of the domain are updated from the part of the fiber which is outside the domain, given that the reference fiber is infinite (see Figures 13 and 14) . The 2D local solver is then modified as follows. An additional condition is added to max(0, β −
the point C is updated using its projection H over the fiber in two cases: if H is inside the triangle ABC (the preceding condition) or if C belongs to the boundary of the domain and H is outside the domain (see figures 13 and 14) .
The second case which requires an adaptation of the algorithm is the one of a concave domain where the fiber reaches the critical point where the boundary is tangent to the fiber. Indeed, even with the adaptation of the algorithm proposed in Figure 13 , a correct solution for the problem of Figure 11 is not obtained, as reported in Figure 15 . To simulate the infinite fiber, one needs to extend it like in Figure 16 . In the 2D local solver, if the point C belongs to the boundary and the tangent to the boundary at C is parallel to the fiber, the fiber is extended using the tracing algorithm described in section 3.
Computing the fiber orientations in each element of the mesh
For each element M N P of the mesh and from the computed values T M , T N and T P , one has to compute the angle between the fiber passing though M N P and the edge M N . It is assumed that T inside M N P is a linear function and the fiber is an iso-value of T .
Firstly, construct in the plane xOy a triangle ABC identical to M N P .
Secondly, find the linear function of the formT = a.x + b.y + c that interpolates 
Numerical Experiments
In this section, we show the efficiency of our method to generate equidistant curved fibers on complex surfaces. It consists in tracing an reference fiber over the mesh of the surface and then using the modified fast marching method to As a first example, the problem of Figure 12 is solved. The reference curve is a straight line, which is propagated over a rectangular domain, as shown in Figure 17 . This example illustrates the first adaptation of the FMM by simulating the propagation of an infinite straight line rather than a bounded segment like with the standard FMM. Figure 17 shows the propagation of the straight line without the generation of circles as the standard FMM would have done in Figure 10 .
The second example shows the propagation of an infinite straight fiber over a cone ( Figure 18 ). This case requires the second adaptation of the FMM which is the prolongation of the fiber at some critical point of the boundary of the cone. It is the same case here as the one in figure 16 . The light green fiber is tangent to the boundary of the cone. This particular fiber is prolongated at tangency point. Therefore, all the fibers from yellow to red are computed based on this prolongation. As a result, all the domain is filled with equidistant straight fibers.
The third example shows the benefits of using a mesh for describing the structure rather than geometric equations ( Figure 19 ).Here we have a complex geometry which is a rectangle with three holes and straight equidistant fibers parallel to one edge. The algorithm uses the mesh of this surface and not its geometric definition. Thus, the user does not have to specify the three holes or any other particularities of the geometry as with the methods based on the geometry, since all the information is contained in the mesh. Finally, Figure 24 shows the computation of the orientation of the fiber in each mesh element in the case of a non developable surface as described in Section 7. This provides the input for a finite element analysis of the composite structure.
Conclusion
In this paper, an algorithm is presented for determining equidistant (and possibly curved) fiber trajectories over 3D surfaces, avoiding gaps and overlaps in the definition of the plies but laying down courses of constant (and maximum) width. It is based on a modified version of the Fast Marching Method (FMM), which is a numerical method used for the simulation of 14 Propagation of a straight fiber on a cylinder (projected surface)
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with the adaptation described in Figure 13 . 
